AFFINE ORIENTATIONS OF POLYTOPES WITH FEW VERTICES
JAMES MIHALISIN

ABSTRACT. Given a combinatorial class of d-polytopes with either d + 2 or d + 3 vertices, we
provide a good characterization telling which sequences of vertices (as well as which directed
graphs) can be induced by an affine function acting on some member of the combinatorial
class.

INTRODUCTION

In an earlier paper, we defined a d-polytopal digraph in a fashion analogous to the definition
of a d-polytopal graph. A graph is d-polytopal if it is isomorphic to the graph G(P) formed
by the vertices and edges of some (convex) d-polytope P. A digraph is d-polytopal if it is
isomorphic to a digraph that results when the graph G(P) of some d-polytope P is oriented
by means of some affine function acting on P [MKO00]. (The orientation is produced by
directing each edge from the vertex that takes a smaller value for the affine function to the
vertex that takes a larger value.)

A closely related question is the determination of which vertex sequences may be induced
by some affine function acting on some member of a fixed combinatorial class of polytopes.
(Every vertex sequence determines a digraph, but certain digraphs determine only a partial
order of the vertices.) In its dual formulation, the question asks “For a fixed combinatorial
class and a given sequence of its facets, is there some representative of the class for which
this sequence is actually a line shelling?” If there exists such a representative, the sequence is
called a geometric shelling [IT00].

Both of the above references attack the question for the case of 3-polytopes. In this paper,
we seek the easiest higher-dimensional cases. The case of the simplex is trivial — any vertex
sequence is affinely inducible on any (fixed) simplex. Below we provide a simple character-
ization for any combinatorial class of d-polytopes with only d + 2 vertices and a tractable
description for any combinatorial class of d-polytopes with only d + 3 vertices. Our primary
tool is the Gale transform. Recent work by (ETH Reference), utilizes the Gale transform of
a polytope’s dual to examine this question for simple d-polytopes with only d + 2 facets.
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1. THE GALE TRANSFORM

We define the Gale transform in the simplest way that suits our purposes. The concept
is defined in more generality in Griinbaum’s text [Grii67], where several properties are de-
rived. See Ziegler’s text [Zie94] for the connection between the Gale transform and Oriented
Matroids.

Let v be an affine function on R¢. Let ¢y = (0), the value of v at the origin, and let
¢; = 7y(e;) where e; is the unit vector in the ith coordinate direction for ¢ € {1,...,d}. Then
for any v € R?, written as a column vector, the value of v at v may be calculated as the
product of a row vector and a column vector:

()

() = (cor 1y - - - €a) <1>

Any d-polytope, whose n vertices are written as column vectors p; ... p,, may be given the
following matrix representation:
p— 1 1 1 ... 1
pP1 P2 P3 -.- DPn

The matrix P determines a range space, defined as the set of all the row vectors that may
be obtained by multiplying P by a row vector on the left. As above, the row vector on the left
may be interpreted as representing an affine function. From the construction of the matrix
P (with ones along the top row), each vector in range(P) is the vertez-value vector for some
affine function, 7, acting on the polytope — i.e., the row vector’s ith coordinate gives v(p;).

We define a Gale transform of the polytope P to be any full rank matrix G such that
PG = 0. To see that such a matrix always exists, note that if p;,ps,...ps+1 are affinely
independent then P = (A B) with A invertible. Let I} be the k£ x k identity matrix, with
k =n — (d+1). The matrix G defined as

n

—A"'B 92
G= ( p > ]
gn

is then a Gale transform for P.

There is a natural correspondence between the 7th column of P and the ith row of G. Since
the labelling of the vertices of P is arbitrary, it is natural to interpret a Gale transform matrix
G simply as a set of k-dimensional row vectors in one-to-one correspondence with the vertices
of P. This will be our perspective for the remainder of the paper. Since the dimension &
depends only on the difference between n and d, the Gale transform associates any polytope
with “few” vertices (relative to its dimension) with a set of n vectors living in a space of
“small” dimension.

By definition, PG = 0;this implies range(P) C null(G). Since G and P are each of full rank,
a dimension argument implies the two subspaces are equal. The equality of the vector spaces
range(P) and null(G) means the Gale transform preserves the set of vertex-value vectors. In

particular, any (y(p1), Y(p2), - .,7(pn)) is in range(P) if and only if it satisfies Y . | v(p;)g; =
0.
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The face-lattice of a polytope is determined by the set of affine functions that are zero at
some vertex and non-negative for all the vertices. These functions correspond to supporting
hyperplanes. A set S of vertices represents a face of the polytope if and only if there is a vector
in range(P) with strictly non-negative coordinates such that the zero coordinates correspond
exactly to S. The equality of range(P) and null(G) implies the polytope’s face-lattice can
also be determined from the vectors in null(G) with strictly non-negative coordinates.

Note that only the signs of the coordinates of vectors in null(G) are used to determine the
face-lattice. Let P be a polytope and G be a Gale transform for it. If we scale each row
in G by a different positive constant to create G’, then even though G’ will no longer be a
Gale transform for P it will be a Gale transform for some P’ that is necessarily in the same
combinatorial class as P. (If we start with P and G and apply a projective transformation to
P to create P, then G will be simply a row rescaling of G. However, not all row rescalings
correspond to a projective transformation of the original polytope.)

For a fixed combinatorial class, we wish to determine whether a given sequence of vertices
is affinely inducible. Throughout the paper, we use the vertex subscripts to directly indicate
the sequence currently in question. (I.e., we relabel indices so that the vertex sequence under
consideration is always {pi, po,ps,...,pn}.) Under this convention, the sequence is affinely
inducible if and only if there is a vector in range(P) with strictly increasing coordinates. The
equality of range(P) and null(G) as well as the correspondence between the ith vertex of P and
the ¢th row vector in G imply that the sequence is affinely inducible if and only if there is a row
vector in null(G) with strictly increasing coordinates. L.e., the sequence is affinely inducible if
and only if there exists a strictly increasing sequence of coefficients {¢; : i € {1,...,n}} such
that > c;g; = 0.

Since we will often start with a set of row vectors and work backward to get a polytope, the
term Gale configuration will refer to a set of row vectors that is the Gale transform of some
polytope. Both Griinbaum and Ziegler, [Grii67] and [Zie94], derive criteria for when a set of
row vectors constitutes a Gale configuration but these criteria are not needed here since our
investigations implicitly begin with a combinatorial class of polytopes. It may easily be shown
that if {g;} is any set of vectors whose corresponding matrix has an appropriate null space
(i.e. a null space whose non-negative elements correspond to the face-lattice of a polytope),
then the set {g;} meets the criteria for being a Gale configuration.

As we have defined the Gale transform, the matrix P has each entry in the top row equal
one. This corresponds to a particular embedding of the d-polytope in (d + 1)-dimensional
space. It is clear that requiring this embedding places no restrictions on the affinely induced
value vectors of the polytope, but it does imply that for {g;} to be a Gale configuration, we
need Y g; = 0. In other literature, this constraint often is not imposed. For situations where
only the face-lattice is needed, it may be omitted. However, we require information about all
the affine value vectors — not just the supporting hyperplanes. In our case, the constraint is
crucial.

A Gale transform may contain one or more row vectors with all entries zero. As described
in Ziegler [Zie94], each of these points corresponds to the apex of a pyramid taken over the
polytope represented by the remaining points. (Multiple rows of zeros imply that the process
of “taking a pyramid” has been performed multiple times — each time the dimension is
increased by one.) It is clear that if v is a vertex that corresponds to a zero vector in the Gale
transform, i.e. if v is the apex of a pyramid, then its position in the vertex sequence does
not affect whether the sequence is affinely realizable. The apex of a pyramid may be located
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anywhere in the sequence as long as the rest of the sequence is affinely realizable for the base.
(This may be seen either directly from the definition of a pyramid or from the Gale transform
reformulation given above.)

For clarity, for the remainder we will restrict attention to Gale configurations which are free
of zero vectors.

2. THE d + 2 CASE

The Gale transform of a d-polytope with exactly d + 2 vertices gives vectors on a line. As
described in [Grii67], the combinatorial class of a d-polytope with d+2 vertices is characterized
by three integers — the respective numbers of vectors with positive, zero, or negative coordinate
in the Gale transform. As stated in the last section, the effect of adding zero vectors is easily
characterized, so for simplicity we will assume that the combinatorial class in question has no
zero vectors in its Gale transform.

A vector sequence mizes signs for the Gale transform if some vector with negative coordi-
nate precedes some vector with positive coordinate and some vector with positive coordinate
precedes some vector with negative coordinate. (The sequence is sign-mixing if and only if
it does not begin with all those vectors that have negative coordinate followed by all those
with positive coordinate, or vice-versa. Equivalently, if the vertex sequence is represented as a
sequence of the symbols “+” and “—”, according to the sign of their corresponding vector in
the Gale transform, the vertex sequence mixes signs if and only if it possesses either “+ — 4”
or “— 4+ —" as a subsequence.)
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FiGURE 1. The combinatorics of a polytope with d + 2 vertices are deter-
mined by the number of vectors with positive coordinate in the Gale transform.
This implies we can represent the combinatorial class by a “cloud” of positive
and negative points (shown by color). The particular vertex sequence shown
{f,9,a,c,e,d,b} mixes signs, hence by Theorem 2.1 it is linearly inducible.

Theorem 2.1. A sequence of the vertices of a d-polytope with exactly d + 2 vertices arises
from an affine function acting on some member of the combinatorial class if and only if the
sequence mixes the signs of the corresponding vectors in the Gale transform.

Proof. To see necessity, we start with an affinely inducible order. Let {g;} be the (one-
dimensional) vectors of the Gale transform. Affine inducibility implies Y ¢;g; = 0 for some
set of strictly increasing {¢;}. By our definition of the Gale transform ) ¢g; = 0, which implies
that for any fixed « the set {¢;} defined as é = ¢; — « also has > &¢; = 0.

Assume the sequence does not mix signs. This implies the sequence begins with all the
positive (or negative) coordinates. By subtracting a constant, we may assure that only the
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vectors with positive (negative) x coordinate have a negative ¢;. This leads to a contradiction
since Y ¢;g; = 0 then gives a sum of strictly negative (positive) quantities adding to zero.

To prove sufficiency, given a sign-mixing vertex sequence for a chosen combinatorial class,
we shall explicitly construct a Gale configuration, GG, that represents a member of the class
and whose null space possesses a row vector with strictly increasing coordinates. In fact, we
shall prove a stronger result. Given any increasing sequence {c;}, we shall construct a Gale
configuration for a polytope that has (cy,...,c,) as a vertex value vector.

We begin with a fixed combinatorial class of polytope. This determines the sign of each
one-dimensional vector, g;. Partition {1,...n} into two sets, A ={i € {1,...,n}:¢; > 0} and
B={j€{l,...,n}:g; <0}. Consider the interval [¢;, c,]. (Recall that {¢;} is an arbitrary
strictly increasing sequence.) The mixing signs requirement implies that the convex hull of
{ci}ica overlaps the convex hull of {c,};ep. Choose any point, p, in the intersection and write
it as two different convex combinations, p = .., a;c; and p = jeB bjc;. By perturbing the
coefficients, we may assume that each a; > 0 and each b; > 0. We will use the coefficients for
these convex combinations as the actual coordinates for our Gale configuration. Set g; = a;
for all i € A and g; = —b; for all j € B. This defines g, forall k € 1,...,n.

Finally, let G = (g1 e gn)T. The combinations above are convex, so ) .., a; =
> jepbi =1; thus >0 ) gp = 0. Further, >, 4 aic; = D pbjc; = p; thus D3¢, ckgr = 0. To
see that G is a Gale configuration that represents the appropriate combinatorial class, we need
only verify each coordinate has the appropriate sign. This is clear from the definition of A and
B. By construction, G has (¢, ¢, ..., ¢,) in its null space, hence the polytope corresponding
to G has (¢, ¢a,...,¢,) as a (strictly increasing) affinely induced vertex value vector. O

The choice of a Gale configuration does not uniquely specify the polytope of which it is
the transform. For example, any affine tranformation may be applied to the polytope or any
linear transformation may be applied to the Gale configuration while the other is kept fixed.
The polytope may be uniquely specified by imposing additional constraints. For example, by
employing an affine tranformation, we may require that the first d + 1 vertices consist of the
origin and canonical points along the coordinate axes. This gives P the form:

1111 ... 1 1
01 00 ... 0 x
p=10010 ... 0 uz3
0000 ... 1 z444
In this case, P will have G as its transform if and only if z; = —g;/gao-

3. THE d + 3 CASE

When the number of vertices in a d-polytope is d + 3, the Gale transform produces 2-
dimensional row vectors. In this entire section, all vectors will be assumed to be in the plane.

Since the magnitudes of the vectors of the Gale transform do not affect the face-lattice
of the polytope, we often wish to consider “directions” rather than actual vectors. For our
purposes, a direction is simply a vector of unit length. A vector v is in the direction of w
if v = Aw for some positive A\. A set of directions will be called spanning if each vector in
the plane may written as a sum of vectors in these directions. A set of vectors is spanning if
their associated directions are spanning. (A set of vectors is spanning if and only if the cone



6 J. MIHALISIN

they generate is the entire plane.) Given a set of vectors, define a subconfiguration to be a
set of vectors in one-to-one correspondence with a subset of the original vectors, where the
directions of corresponding vectors are identical. (Magnitudes may vary.)

Each nonzero vector determines a ray issuing from the origin. For this paragraph, we will
call the ray in the opposite direction the vector’s tail ray. Given a Gale configuration in the
plane, the face-lattice of its associated polytope is not changed by rotating a vector as long
as its tail ray does not cross over any other vector. The heads of the vectors are free to cross
over each other without changing the face-lattice.

Note that if a Gale configuration contains a pair or more of vectors in opposite directions
then there are constraints on how such vectors may be rotated. If g; and g, are in opposite
directions then g; may be rotated only if g5 is rotated in tandem, keeping the two opposite.
If greater numbers of vectors are involved, say five in one direction and two in the opposite
direction, then the entire set must be rotated in tandem. (In the example, all seven would
have to move in synch.) However, if five vectors lie in one direction without any vector in
the direction opposite then each of the five could be rotated individually by small amounts
without changing the face-lattice of the associated polytope.

This freedom to rotate allows us to coalesce the vectors into groups, then rotate the groups
into “canonical directions” (i.e., those with angle (27)/k for some minimal k). This process
creates a multiset — we assign to each canonical direction an integer to indicate how many
vectors have been coalesced into that direction. Details are given in “Convex Polytopes”,
[Grii67]. The result, a multiset of vectors in canonical directions, scaled to be of unit length,
is called a contracted Gale diagram. Theorem 3.1 is also described in [Grii67].

FIGURE 2. Here are the contracted Gale diagrams and graphs for some familiar
3-polytopes. In the first diagram, each 2 indicates that two vectors have been
coalesced into that direction.

Theorem 3.1. Two d-polytopes having exactly d + 3 vertices are combinatorially equivalent
if and only if their contracted Gale diagrams are congruent (i.e. related by a rotation and/or
reflection).
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Certain simple rules dictate when a set of unit vectors in canonical directions constitutes
a contracted Gale diagram (i.e., when the set actually represents a combinatorial class of
polytopes). Again, we do not need to consider these criteria explicitly since we begin with a
chosen combinatorial class. We refer the reader to Griinbaum’s text, [Grii67], for the list of
these rules.

Just as the enumeration of combinatorial classes can be accomplished using only contracted
Gale diagrams, the main result of this section will show that the question of linear inducibility
for vertex sequences also can be answered by considering just the contracted diagrams.

Our plan of attack is as follows: we first fix a set of directions — this is more restrictive
than simply specifying a combinatorial class. We then introduce the notion of a “target cone”
and show that it suffices to seek subconfigurations of vectors whose sum is in the target cone.
After investigating weighted sums of vector dependencies for triples or quadruples, we show
that it suffices to consider just these small sets. Finally, we show that the choices made in
initially fixing the set of directions were largely irrelevant, which allows us to characterize the
results in terms of contracted Gale diagrams.

Given a set of vectors or directions, {g; : 1 < ¢ < n}, define its open cone, written as
cone({g;}), to be the set of all possible sums {> ", \;g; : where each \; > 0}. Later we
will need the closed cone, written as written as cone[{g;}], and defined to be the set of all
possible sums {>_" , A\;g; : where each \; > 0}. (If {g;} has just two elements, we will omit
the brackets and write either cone(g;, g2) or cone[gy, go].)

We begin by fixing a multiset of directions that corresponds to our chosen combinatorial
class of polytope. Let d; be the first direction in the sequence and let d,, be the last direction
in the sequence. Let {0, }men be the set of all directions for which the opposite direction
occurs later in the sequence. (The existence of pairs of opposite directions is determined by
the combinatorial class. Each pair corresponds to a cofacet consisting of exactly two vertices.)
Define T to be cone({di, —dn} U {0m}menr)- T is called the target cone. (Note: if d; and d,
are opposite directions and M contains no other directions then 7" will be a single ray. We’ll
refer to this degenerate case as a ray target cone. For the non-degenerate case, 7" is non-empty
and open.)

The next lemma reformulates the criteria for being linearly inducible. It is sufficient to
consider spanning subconfigurations of the direction set and to look for weighted sums which
are not required to be zero but which are merely required to lie in 7'.

Lemma 3.2. Given a multiset of directions {d;}, let T, the target cone, be defined as above.
The sequence {1,2,...n} is linearly inducible if and only if there exists a spanning subcon-
figuration {g;} of {d;} that satisfies > g; = 0 as well as a strictly increasing sequence of
coefficients {¢;} such that ) ¢g; € T.

Proof. The sequence {1,2,...n} is linearly inducible for our choice of directions, if and only
if there exists a set of vectors {g;} with each g; in the direction of d; and > g; = 0, as well as
a strictly increasing sequence of coefficients {¢;} such that ) ¢;g; = 0.

To prove the “only if” direction for Lemma 3.2, we may choose {g;} = {¢;} (a valid sub-
configuration), choose {¢; ;’:_21 = {¢ ?:_21, choose any ¢; such than ¢; < ¢ < ¢y and any ¢,
such that ¢,—; < &, < ¢,. This guarantees »_ ¢g; € T.

To prove the “if” direction, we begin with a subconfiguration {g;};c; that satisfies the
hypotheses above. We must first expand it to include all the directions of {d;}. Then we must

adjust coefficients and/or vectors to produce a set {g;} such that »_ ¢;g; = 0. For simplicity,
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assume the index set, J, is the subsequence of {1,...,n} such that for each j € J, g; is in the
same direction as g;.

First, any direction d; that is not represented (including multiplicities) in {g;};es (i.e. any !
such that 1 <! <mn and [ ¢ J) may be represented by a vector g, with very small magnitude.
Since {g;};es is a spanning set, the magnitude of each g; may be adjusted slightly to produce
a g; in such a way that > i = 0. Set ¢; = ¢; Vj € J. Then arbitrarily extend {¢;};c; to
create an increasing sequence {¢; }1<i<n-

By taking the g, for [ ¢ J to be sufficiently small, we can make Y 7 | ¢g; arbitrarily close
to D, Cigi- Since {g;};jes includes a spanning set and since the {c;} are strictly increasing,
we may adjust the {¢;} slightly to erase any small difference between the two sums, thus we
may ensure that > " | &g, = D, Cidi-

Finally, ¢, may be increased (or ¢; may be decreased) without changing the fact that {¢;}
is increasing. The effect on »_ ¢g; is to add a positive multiple of g, (or —g;) to the sum.
Additionally, for any vector g, in the direction of some o,,, both g, and a vector in the opposite
direction may be lengthened additively without changing the fact that »_ g; = 0. The effect
on Y ¢g; is to add a negative multiple of o,,. Thus if > g; = 0 and > ¢g; € T, these two
operations allow us to find a set of vectors {g;} in the same directions as the {g;} and an
increasing sequence {c;} such that > ¢g; =0 and >_ c;g; = 0. O

We now consider some simple lemmas about weighted sums of small sets of vectors.

ds

d>

FiGuRE 3. The left figure simply indicates the three directions chosen. The
three vectors on the right sum to zero. In the text we show that any weighted
sum with strictly increasing coefficients must be in the cone W.

Lemma 3.3. Given three vectors {g;}3_, whose sum is zero, for any strictly increasing se-
quence ¢; < ¢co < c3, the weighted sum Zg’zl c;9; lies in the open cone formed by —g, and gs.
Any vector in cone(—g1, g3) may be obtained by an appropriate choice of {c;}.

Proof. Since Y g; = 0, for any constant A we may subtract A)_g; from Y ¢;g; without
changing the value of the sum. Thus we may assume ¢, = 0. This implies that > ¢;g; lies in
cone(—gi, g3)-

If w e W = cone(—g1, g3) then w = —ag; + fg3, where « and § are positive. By taking
ci=1l—a<c=1<c=1+4+p, weget ) cg =w. O

With just three directions, requiring a set of vectors in these directions to sum to zero
fixes the relative magnitudes of the vectors. With four directions, we have more freedom in
choosing a set of the vectors that gives a zero sum. However, there is still much we can say
about Z?Zl ¢;g; when Zle gi=0and ¢; < ¢y < 3 < 4.
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Lemma 3.4. Let {d,ds,d3,ds} be a spanning quadruple of directions and let {c;} be an
increasing sequence. For any set of vectors {g;} in the directions {d;} with > g; = 0, the
weighted sum " ¢;g; may be written as the sum of two vectors w and v, with w € W =
cone(—dy, dy) and v € V = cone(—d;, —dy) Ncone(ds, ds). Any vector in cone(W UV') may be
obtained by an appropriate choice of {c;} and {g;}.

Proof. Again, we may subtract a constant times »_ g; from the ) ¢;g; without changing the
result. Thus we may assume that —c, = c3 = ¢. Note that ¢ > 0.
We rewrite the sum as:

Zcigi = (c1 +¢)g1 — cg1 — cga + g3 + cga + (¢4 — €)ga
=—ag1+v+v+0g,

where o = —(¢cs+¢)>0and d =c4 —c> 0 and v = —c(g1 + g2) = (g3 + g4)-

This implies that > ¢;g; is the sum of a vector 2v € V' = cone(—g;, —g2) N cone(gs, g4) and
a vector w = —ag; + 094 € W = cone(—g1, g4)-

To prove the reverse containment, take any x = (2v +w) € cone(W U V). By the definition
of V' it is clear that we may find some set of {g;} in the directions {d;} such that g; + go = —v
and gs + g4 =v. If w = —ag; + dgs (with o, > 0), then we may take ¢; = —1 — a,co =
—l,es=1,c4 =1+0 to get Y cig; = . O

FIGURE 4. There are different possibilities for V' and W depending on the
configuration. On the left, V and W touch. On the right, the cone(WW U V) is
the entire plane.

The following lemma shows that understanding subconfigurations of quadruples will be
sufficient for understanding larger configurations.

Lemma 3.5. Let T, the target cone, be defined as above. If {g;} is a configuration of more
than four vectors with Y .-, g; = 0 and Y ;" ¢;gi € T for some increasing {c;} then there exists
a subconfiguration of four vectors {g;, G, Gp, §q} and increasing coefficients ¢; < &, < &, < ¢,
such that > g; =0 and > ¢;g; € T.

Proof. We first check the case where the first three directions and the last three directions
{9}, are each a spanning triple.

Choose any ¢t € T. Since the first triple and the last triple are spanning sets, the vector ¢
must lie in cone[—g;, —gi| for some j,k € {1,2,3} and it must also lie in cone[g,, g,| for some
p,q € {m —2,m —1,m}. Take the four directions to be those corresponding to j, k,p and q.
The conditions above then imply the quadruple is a spanning set (note the presence of negative
signs for g; and g;). Assuming that ¢ does not equal —g;, —gi, g, or g4, we see that ¢ lies in
the intersection cone V defined in Lemma 3.4. The Lemma then implies there exists vectors
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g; in the appropriate directions and increasing coefficients ¢; such that > ¢;g; =t € T. If t
does equal one of the four vectors above, it is straightforward to show that it is still possible
possible to choose a quadruple that possesses a weighted sum equal to ¢. (In this situation,
t will be on the border of V. There are several cases to check, but a quadruple of directions
may always be chosen so that cone(W U V) includes that border.)

This leaves the case where either the first three directions or the last three directions of
{gi} do not span the plane. In each of these cases, we shall create a subconfiguration that
uses one less vector hence we’ll be done by induction. (Note that the proof allows {g;} to be
a subconfiguration of the original configuration used to define 7', so induction is valid.) The
case involving the last three directions is symmetric to that involving the first three (modulo
a minus sign), so we shall check only the situation where the first three directions do not span
the plane.

Again, we may use the fact that > ¢; = 0 to add or subtract a constant from the {c;}.
This allows us to assume that cq, co,c3 < 0 while all the other ¢; are strictly positive. Up to
symmetries, there are only three configurations possible. However, in each of these configu-
rations, it is possible for the situation to be “degenerate”, meaning that two of the vectors
lie in opposite directions. We will check one of the three configurations in detail (including
the degenerate situation). The verification for the other two configurations follows the same
pattern.

e Tgez N P TQQ N e T!h N

FiGure 5. The figure shows the three non-degenerate configurations possible
in the case that {g;}?_, do not span the plane. The arrowed arcs indicate the
rotation of u relative to —w, where u is the weighted sum of the {g;};_, and w
is their unweighted sum. For example, (a) in the left indicates w in cone(gs, g3)
and u rotated clockwise relative to —w.

The left diagram of Figure 5 shows the situation where g3 is contained in C' = cone(gy, g2)
(or it represents the degenerate case of g; and g, opposite, in this case let C' = cone(g1, g2, 3))-
Clearly, w = Zf’zl g; € C and u = Z?:l ¢;9; € —C. Comparing u with —w, we may find that
the direction of u is rotated either clockwise or counter-clockwise relative to w. This depends
on the relative magnitudes of the g; and ¢;. Note that adding a multiple of —g; to any vector
in —C will rotate its direction clockwise. Adding a multiple of —gy to any vector in —C' will
rotate its direction counter-clockwise.

If the pair {g1, g2} is not degenerate and w is rotated clockwise relative to —w, we will be
able to replace the triple {g1, g2, g3} with a subconfiguration {g;, g2} where each g; is in the
same direction as g;. Clearly we can find some §; and gy to give §; + o = w. Since u is
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clockwise relative to —w, for some positive p the vector —w — pg; is in the direction of w.
Thus for some positive A\, u = A(—w — pg1). Setting the coefficients ¢; = A\(—1 — u) and
Cco = —A giVGS ¢ < €y < 0 with C1G1 + C2g2 = U.

If u is rotated counter-clockwise relative to —w, we claim that w must lie in cone(gs, g3)-
In this case we may replace the triple {g1, g2, g3} with some {g, g3} in a similar fashion. (The
situation where u is rotated counter-clockwise relative to —w, yet w lies in cone(gy, g3) is
labelled “Situation (x)” in Figure 5. The claim is that this situation cannot occur.)

The claim may be intuitively obvious (or sufficiently plausible), in which case the reader
may skip the tedious details of this paragraph. To prove the claim, let § be the direction
perpendicular to w that is clockwise from —w. If the direction of u is counter-clockwise relative
to —w, then u has a negative ¢ coordinate. This means u — c3w also has negative { coordinate.
(Please see the figure below.) In our orientation, g; has negative § coordinate. Since ¢; < ¢,
u — cgw + (ca — ¢1)g1 also has negative § coordinate, but this sum is just —(c3 — ¢2)(g1 + g2)
whence g; + go has positive §j coordinate. Since g; + ¢go has positive § coordinate and —w
has zero y coordinate, their sum must have positive { coordinate but their sum simply equals
—g3. If w were in cone(gy, g3), then —gs would necessarily be counter-clockwise to —w and
hence would have negative § coordinate. Therefore if u is counter-clockwise relative to —w,
we cannot have w € cone(gy, g3)-

—C3Ww

(2 —c1)gn S

FIGURE 6. The left diagram illustrates the construction to prove that g; + g»
has positive § coordinate. This implies that —g3 has positive § coordinate as
well. The right diagram illustrates that w in cone(gi, g3) implies that —gs has
negative ¢y coordinate.

Finally, we consider the degenerate case. Here we cannot replace the triple with the pair
{g1, 92} since these two are in opposite directions. If w lies in cone(g1, g3), then we may replace
the triple with a subconfiguration {g:, g3} as above. If w lies in cone(gs, g3), we may find some
positive A such that u + Ag; is counter-clockwise to w. Then the paragraphs above show us
how to replace the triple with some {gs, g3}, such that g, + g3 = w and égs + ¢393 = u + Ag1.
The net effect would be to change the weighted sum from Zie[ cigi =1tto ZjeJ Cig; =t+Aq
where |J| = |I| — 1. In the degenerate case, g; is one of the defining vectors for 7' (not
necessarily as the first vector in the original configuration but as a member of M since it is
opposite to g, and comes earlier in the sequence). Thus ¢ € T implies t + A\g; € T for any
positive A. Since we are able to reduce the number of vectors while keeping the weighted sum
in T, the induction step is complete.

The remaining two diagrams in Figure 5 may be summarized as follows. In the middle
diagram, for situation (a) {g2,93} can replace the triple. For situation (b), {g1,92} can
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replace the triple. No counter-clockwise rotations are possible.In the right diagram, for (a)
{91, 93} replaces the triple. For (b), a non-degenerate {g, g3} replaces the triple, otherwise
the situation may be converted to (c). For (c), {g1, g2} replaces the triple. Situation (x) (as
indicated in Figure 5) cannot occur. O

The final step is to relax our restriction of fixed directions. Since the contracted diagram
coalesces all vectors that can be rotated to cross over each other, surprisingly little can be
gained by rotating vectors away from their canonical directions. With the exception of one
powerful special case, the only effect of rotating vectors is to allow certain cones to be closed
rather than open.

We begin with the special case. If d; and d; lie in the same canonical direction and the
contracted Gale diagram has no vector in the opposite direction, then any cone that includes
both d; and —d; can be assumed to contain either of the half-planes bounded by the line
through d;. This follows since in such a case we are free to rotate d; by a small amount in
either direction. This small change in d; changes cone(d;, —d;) dramatically, giving us the
freedom to include any vector from either open half-plane. It is clear that apart from this
special case, any small rotation of vectors will produce only a small change in cones that
include them.

The above special case can arise in just two ways. First, if the initial and final vectors
of the entire sequence lie in the same canonical direction with no vector in the opposite
direction, then the target cone can include either of a pair of half-planes, hence ANY choice
of sequence on the remaining vertices must be linearly inducible. Second, if some spanning
quadruple has its lowest and highest vectors in the same canonical direction with no vector
of the configuration lying in the opposite direction, then the cone of possible sums for the
quadruple may be taken to be the entire plane. In this case as well, the sequence must be
linearly inducible irrespective of the order for the remaining n — 4 vectors. (To verify these
are the only two ways, first note that such vectors can only arise in the target cone if they are
the initial and final vectors in the sequence. Second, notice that any spanning triple cannot
include two vector in the same direction. Finally, a case by case analysis of the possibilities for
spanning quadruples shows that the only significant effect is when the special pair are lowest
and highest vectors of the quadruple.)

We previously defined open cones and closed cones. We define the half-open cone of two
vectors to be cone(g;, g;] = {\gi + pg; : A > 0 and p > 0}. Since any closed or half-open cone
contains the origin, an intersection of two cones is called non-trivial if it contains a vector
other than the zero vector.

Lemma 3.3 motivates the following definition. (Below, PS is short for “possible sums”.)
Assume j < k < l. Let {dj,dg,d;} be a spanning triple of canonical directions. If the
contracted diagram contains vectors in the directions opposite to d; and d;., then the PS cone
for the triple is defined to be cone(—d;, d;), the open cone. If there are no vectors in directions
opposite to d; or dj, then the PS cone is defined to be cone[—d;, d;], the closed cone. If just
one of d; or d; has a vector in the opposite direction then the PS cone is defined as half-open,
either cone(—d;, dj] if a vector is opposite d;, or cone[—d;,d,;) if a vector is opposite d;.

Similarly, Lemma 3.4 allows us to define PS cones for quadruples of canonical directions.
In the special case described above, the PS cone is the entire plane. Otherwise, the lemma
shows that for fixed directions the weighted sum will lie in the cone(V U W). This cone will
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be either the entire plane or cone(+d;, £d;) for some choice of signs and some 7 and j taken
from the original four directions. If d; has no vector in the opposite direction, the PS cone for
the quadruple is defined to include the ray in the appropriate d; or —d; direction. Similarly
for d;. Thus the PS cone is defined as open, half-closed, or closed.

In an analogous fashion, the target cone is now defined as open, half-closed or closed under
the appropriate circumstances.

Theorem 3.6. A sequence of vertices of a d-polytope with exactly d + 3 vertices is affinely
inducible if and only if its contracted Gale diagram possesses a spanning triple or a spanning
quadruple of directions whose PS cone has a non-trival intersection with T, the target cone.

Proof. Lemmas 3.2 through 3.5 prove the equivalence under the constraint of fixed directions.
To prove the theorem, we must show that: (a) the flexibility to rotate vectors from their
canonical directions allows certain cones to be considered as closed or half-closed, (b) other
than the special cases described above, this is the only advantage to be gained by rotating
vectors.

We noted earlier that the heads of vectors were free to cross over each other as long as
those heads do not cross over the tail direction of any other vector. Such rotations will not
change the face-lattice of the polytope. These conditions imply that the vectors of a Gale
configuration are partitioned into equivalence classes, whereby two vectors are free to cross
over each other if and only if they are in the same class. In the contracted Gale diagram,
each such class has been coalesced into a single canonical direction. Moreover, all vectors in a
canonical direction form a single class if and only if the diagram does not contain any vector
in the opposite direction. If the opposite direction is occupied, then none of the vectors in the
original direction may cross over each other.

The previous lemmas show that for fixed directions, the question of linear inducibility has
been reduced to whether certain open cones overlap. It was necessary to use open cones since
to give each direction a vector with non-zero magnitude we required the flexibility to erase
small perturbations.

We have already handled all cases where rotating vectors by small amounts causes dramatic
changes in the cones they produce. The only other way that rotating vectors can cause two
cones to overlap is if the heads of their extremal vectors are allowed to cross over.

We now can see immediately both (a) and (b) from above. The cones were defined to
be half-closed or closed precisely when an extremal vector had the freedom cross over other
vectors sharing its canonical direction. At a minimum, such freedom clearly allows the cones
in these situations to be considered half-closed or closed, thus proving (a). Moreover, in the
process of creating the contracted Gale diagram, all vectors that have the freedom to cross
over have been coalesced into a single direction. This implies (b) — beyond including certain
rays (to create a half-closed or closed cone) no further overlap of cones can be accomplished
by rotating vectors without changing the face-lattice. 0

We calculate the cones in Theorem 3.6 as if the vectors were constrained to lie in canonical
directions. This considerably simplifies the situation since it makes the problem discrete.
Simply checking all spanning triples and quadruples requires at most O((d + 3) f) operations
where f is the number of facets. By the Upper Bound Theorem applied to d-polytopes with
d + 3 vertices, f is less than or equal to Zfi (i +2)(i + 1) (where the asterisk means that
we take only half the last term for i = d/2 if d is even, or we take the whole last term for
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1 )

FiGUureE 7. This example demonstrates the critical distinction between open
and closed cones. Here the boundary of the target cone overlaps the boundary
of each PS cone. For this configuration, these cones are all defined to be open
hence there is no intersection. Note that this sequence cannot possibly be
affinely inducible since there are only two independent monotone paths from
source to sink in the orientation.

i = (d—1)/2 if d is odd). This bounds the number of operations by O(d*). It seems likely
that an even better checking algorithm exists.

The “local nature” of this characterization is somewhat surprising — for a given initial
and final vertex, the relative sequence on a single spanning quadruple can guarantee affine
inducibility regardless of the sequence on the remaining vertices! One might expect that such
a restricted examination could only forbid inducibility. (E.g., the order of a subset of vertices
might indicate two sources, a cycle or some other impossibility.) It seems counter-intuitive
that a restricted examination can guarantee inducibility. (Note: in the d 4 2 characterization
the “local nature” can also be seen since sign mixing is the equivalent to the existence of
“+ — 4" or “— 4+ —” as a subsequence.)

The following points might make this counter-intuitive behavior more plausible:

(a) The triples and quadruples are not arbitrary. They must include an entire co-facet.
This implies that the remaining vertices all lie in a hyperplane.

(b) Changing a single vector in the Gale configuration can affect more than one vertex of
the polytope (by the nature of matrix multiplication), hence what seems “local” in the Gale
picture could have global consequences for the polytope.

(c) The original question allows the polytopes to vary over the entire combinatorial class.
Our construction yields special polytopes whose geometry is somehow dominated by the single
triple or quadruple that defines the relevant PS cone. (Recall that the vectors comprising the
triple or quadruple are chosen to have magnitudes much larger than the other vectors.)

4. DIFFICULTIES ENCOUNTERED WITH MORE GENERAL POLYTOPES

Some of the concepts of the d + 3 proof certainly carry over to the cases with more ver-
tices, but various difficulties make a complete characterization unlikely. (The complexity of
d-polytopes with more than d + 3 vertices has already been amply demonstrated in other
contexts.)
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In some sense, the sufficiency part of the “local nature” is not restricted to polytopes with
few vertices.

Lemma 4.1. For any set of vectors {g;} with Zle gi = 0, and any increasing sequence of

coefficients {c;}, we must have Zle ¢ig; lying in the cone formed by the vectors {gk, (gx +
k—1)s (Gr + Gr—1 + Gr—2)5 - - -, (g + - - -+ 92) = —g1 }. Moreover, any vector in the cone may be
obtained by an appropriate choice of the c;.

Proof. To see that any vector in the cone may be realized by some choice of ¢;, let A\ be the
coefficient of the vector gi, let A\;,_; be the coefficient of the vector (gx + gx—1), let Ax_2 be the
coefficient of the vector (gx + gx—1 + gk—2), - .. We then choose ¢g =0 and ¢; =Y 7_ .

To see that any sum with increasing c¢; must lie in the cone, note that taking A\; = ¢; —¢;_;
will give the appropriate coefficients to create a positive linear combination of the vectors

{9k, (9k + 1), (G + Gk1 + Gk—2), - - -» (g + - + g2) = —g1} which is equal to S ¢;g;. O

Note that the magnitudes and directions of the vectors are fixed in Lemma 4.1. However, the
lemma allows us to find the PS cone for a set of vectors (in fixed directions) that corresponds
to a cofacet (i.e. a minimal positively dependent set of vectors in the Gale transform). This
follows since requiring Zle g; = 0 fixes the relative magnitudes of the g; whenever the set
{gi} is a cofacet. However, for non-minimal sets of vectors, continuously varying combinations
of the magnitudes can yield a zero sum. This makes the determination of the PS cone difficult
for larger sets of vectors, even under the assumption of fixed directions. In general, the PS
cone of a larger set is not the union of the PS cones of the minimal sets it contains — the
need for an increasing sequence of coefficients does not allow us to consider these minimal sets
independently. (The example of a triangular prism in the figure above shows that PS cones
may not be considered independently. In that case, the cone of the union of the PS cones is
the entire plane.)

In higher dimensions we can define a target cone using vectors such as {gi, (g1 + ¢2),---}
and {—gu, —(gn + gn 1), - - }.

For any polytope, a sufficient condition for a vertex sequence to be affinely inducible is for
the PS cone of a spanning set of directions to intersect the target cone. However, a set of
vectors is spanning if and only if it corresponds to the coface for a simplicial face.

Moreover, for d-polytopes with more than d + 3 vertices, fixing the vector directions places
undue restrictions on which Gale configurations might represent a combinatorial class. For
d-polytopes with more than d + 3 vertices there is no analogue to the choice of “canonical
directions” in the plane. Simply determining which Gale configurations can correspond to a
particular combinatorial class is a difficult question. (Note: performing a projective trans-
formation on a polytope simply rescales the vectors in its Gale transform without changing
their directions. Hence the class of all vertex sequences possible under the restriction of fixed
vector directions includes all sequences that might become possible after applying a projective
transformation to the original polytope. [Gri67])

5. CONCLUSIONS

Since the Gale transform preserves the entire space of affinely induced value vectors, it
is an invaluable tool for investigating which vertex sequences are affinely inducible. The
characterizations for d-polytopes with either d 4+ 2 or d + 3 vertices are fairly direct. While it
is unlikely that similar characterizations will emerge for cases involving d-polytopes with d+4
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or more vertices, many of the simple vector calculations used in the above characterizations
may still provide useful information in cases involving greater numbers of vertices.
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