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Abstract

An antimagic labeling of a graph with m edges is a bijection � from its edge set to
f 1; 2; : : : ; mg such that the vertex sums are distinct, a vertex sum being the sum of
the � -values on the edges incident with the vertex. An antimagic graph is one that
admits such a labeling. It was conjectured in [N. Hartsfield and G. Ringel, Supermagic
and antimagic graphs, J. Recreational Math. 21 (1989), 107–115] that every connected
graph other than K 2 is antimagic. We verify this conjecture constructively for a class
of graphs derived from the complete graphs K n = (V; E) using a variant of magic
squares. In support of our main result, we establish that K n , with n � 3, possesses a
property stronger than being antimagic: for every function ! : V ! N, there exists a
bijection � : E !

�
1; 2; : : : ;

� n
2

�	
such that the sums ! (v) +

P
e3 v � (e), for v 2 V , are

all different. This ‘robust’ property of K n proves useful in establishing that graphs of
the form K n � F , for certain F � E , are antimagic.
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1 Introduction

An antimagic labeling of a graph G = ( V, E) is a bijection λ : E ! f 1, . . . , jEjg such that
the vertex sums λ(v) :=

P
e3 v λ(e), for v 2 V , are all distinct. An antimagic graph is one

that admits such a labeling. It was conjectured in [7, 8] that every connected graph other
than K2 is antimagic. In recent years, several sophisticated methods have been employed in
establishing special cases of this conjecture. Alonet al. [3] combined \probabilistic arguments
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with simple tools from analytic number theory and combinatorial techniques" to verify the
conjecture for graphs with minimum degree 
(logjV j). Hefetz [9] used Alon's `combinatorial
Nullstellensatz' (see [2]) to show that any graph of order a power of three and admitting a
K3-factor is antimagic.

We present a few techniques that we have found useful in provingcertain graphs are
antimagic. Our methods|leaning on properties of magic squares|are at once constructive
and more elementary than those of [3, 9]. They yield the following main result.

Theorem 1 The graph Kn � T is antimagic whenever T � E(Kn ) is a transversal system
of order bn/2c � 3.

The de�nition of `transversal system' appears immediately preceding Example 3. Since the
graphsKn � T in the statement of Theorem 1 have minimum degree 
(n), asymptotically this
theorem is a consequence of the result from [3] mentioned in the�rst paragraph. However,
the constant implicit in 
(log jV j) is not made explicit in [3]. We present our constructive
proof of Theorem 1 in Section 2 after introducing our expositional necessities.

Notation and terminology

Sets and graphs

Since we frequently sum sets of consecutive integers, it is convenient to abbreviate the sum
of the �rst n nonnegative integers (i.e. elements ofN) by S(n) = n(n + 1) /2; when n is 0
or � 1, we view this sum as empty, and in these cases, the formula also gives the desired
value S(0) = S(� 1) = 0. For m, n 2 N, with m � n, we write S(m, n) for

P n
i = m i =

S(n) � S(m � 1). These conventions imply that

S(n � m, n) = n(m + 1) � S(m) for all m, n 2 N with m � n. (1)

For any omitted graph-theoretic concepts, the reader may consult [5]. If H1 and H2 are
vertex-disjoint graphs, then H1 � H2 denotes their union, i.e., the graph with vertex set
V (H1) [ V (H2) and edge setE(H1) [ E(H2). The join H1 _ H2 of H1 and H2 is the graph
obtained from H1 � H2 by joining each vertex ofH1 to each vertex ofH2. We usejoining
edge to refer to any member of the edge-setE(H1 _ H2) r E(H1 � H2).

Antimagic notions

`Antimagic' is derived from `magic', a term borrowed for graph theory from `magic squares'.
The last objects date to antiquity (see, e.g., [4] for their background); magic graphs were
probably �rst considered by Sedl�a�cek [12]; and a variety of antimagic graph concepts have
been studied by numerous authors since the 1990s. See Gallian'sextensive survey [6] for
background and references on magic and antimagic graph labelings.

For a graph G = ( V, E), we call a function ω : V ! N a weight function on V . If such
an ω is given, then anω-antimagic labeling of G is a bijection λ : E ! f 1, 2, . . . , jEjg such
that the ω-vertex sums ω(v) +

P
e3 v λ(e), for v 2 V , are all di�erent. An ω-antimagic (or,

simply, ω-AM ) graph is one that admits such a labeling; we also useAM for `antimagic'.
We call G shiftably AM if, in the de�nition of AM, the range of λ can be replaced by
f s + 1 , s + 2 , . . . , s + jEjg, for any given s 2 N, while still achieving the property that all
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the vertex sums are di�erent. Shiftably ω-AM is de�ned analogously. Finally, we say that
G is robust if it is shiftably ω-AM for every ω : V ! N. It is worth noting that, using this
terminology, the proof in [9] shows that any graph on 3k vertices that admits aK3-factor is
robust.

Latin and magic squares
Let M be ann � n matrix. A transversal of M consists of a set ofn of its entries, with no
two residing in the same row or in the same column. Suppose that theentries ofM form an
arrangement of the integersf 1, 2, . . . , n2g. We shall callM transversal if each of the sets of
entries f ℓn + 1 , ℓn + 2 , . . . , ℓn + ng, for 0 � ℓ � n � 1, forms a transversal ofM . Following
[13], we callM RC-magic (of order n) in case each row- and column-sum ofM is the same.
It is easy to see that the common row- and column-sums, the so-called magic sum, must be
n(n2 + 1) /2.

Our proof in Section 2 depends in part on RC-magic squares thatare also transversal.
Such matrices may fail to be magic squares (since we do not insist that their main forward-
and back-diagonals sum to the magic sum), but they enjoy the additional property of being
transversal. One well-known magic square construction (see, e.g., [1] or [10]) always produces
transversal RC-magic squares. Given a pairL, R of orthogonal latin squares on the symbols
f 1, 2, . . . , ng (and given the all-ones matrixJ), form a new matrix M by de�ning M =
L + n(R � J). Our Example 3 below invokes the following result of this construction:

2

6
6
6
6
4

1 10 14 18 22
23 2 6 15 19
20 24 3 7 11
12 16 25 4 8
9 13 17 21 5

3

7
7
7
7
5

=

2

6
6
6
6
4

1 5 4 3 2
3 2 1 5 4
5 4 3 2 1
2 1 5 4 3
4 3 2 1 5

3

7
7
7
7
5

+ 5

2

6
6
6
6
4

0 1 2 3 4
4 0 1 2 3
3 4 0 1 2
2 3 4 0 1
1 2 3 4 0

3

7
7
7
7
5

. (2)

It is not di�cult to verify that M is in general transversal RC-magic of ordern or that the
following converse holds (cf. [1, Theorem 2.22, p. 114]).

Proposition 2 If M is a transversal RC-magic square of order n, then there exists a pair
of orthogonal latin squares of order n.

Since there exists a pair of orthogonal latin squares of all orders n � 3, exceptn = 6
(see [1]), the discussion preceding Proposition 2 shows that thereexists a transversal RC-
magic squareMn = ( mij ) of each ordern � 3 with n 6= 6. Moreover, Proposition 2 shows
that no such square of order 6 exists. Thus, our caseK12 in Theorem 1 requires separate
consideration, and for this, we employ the following matrix, whose column-sums are 111 and
whose row-sums alternate between 108 and 114:

N6 :=

2

6
6
6
6
6
6
4

27 35 1 9 17 19
34 6 8 16 24 26
5 7 15 23 25 33

12 14 22 30 32 4
13 21 29 31 3 11
20 28 36 2 10 18

3

7
7
7
7
7
7
5

. (3)

(We determined the matrix N6 by mimicking a well-known construction that produces magic
squares of allodd orders exceeding 1; see, e.g., [11].) Notice thatN6, though not RC-magic,
is nevertheless transversal.
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We use the matricesN6 and Mn , for n � 3 and n 6= 6, throughout the remainder of this
article.

Transversal systems

Let M = ( mij ) denote eitherN6 or one of ourMn 's. Given graphsH1, H2 on the respective
(disjoint) vertex sets f v1, v2, . . . , vng, f w1, w2, . . . , wng, we associate a joining edgef vi , wj g
of H1 _ H2 with the entry mij of M . For a nonnegative integerk � n2, a transversal
system T of H1 _ H2 (of size k and order n) consists of a set of joining edges of the form
ff vi , wj g : mij � kg. Thus, when k � n, a transversal systemT is simply a matching
in H1 _ H2, and when k is a multiple of n, say k = rn, the systemT is a collection ofr
pairwise disjoint perfect matchings fromf v1, v2, . . . , vng to f w1, w2, . . . , wng. We sometimes
say that T is associated with M ; notice that if M has dimensionn � n, then there aren2 + 1
transversal systems associated withM . In Theorem 1 (and Corollary 7), we also consider
transversal systemsT in complete graphs of odd order. In this case, we viewK2n+1 as
(Kn _ Kn ) _ K1 and restrict T to being a transversal system within theKn _ Kn subgraph,
as already de�ned.
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Figure 1: the stages in creating an antimagic labeling ofK10 � T = H1 _ H2 � T

Example 3 To follow the proof of Theorem 6, it will be helpful to considera concrete
example. We construct an antimagic labeling ofK10 � T for a transversal systemT of order
5 and sizek = 13. For a weight function ω to be speci�ed, we use two (shifted)ω-AM
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labelings ofK5, together with the transversal RC-magic squareM5 = ( mij ) given in (2),
to which our system T is associated. De�ne the `reduced' magic squareM0

5 = ( m0
ij ) as

follows: if mij � 13, then m0
ij = 0; otherwise m0

ij = mij � 13 (see Figure 1(a)). LetH1

and H2 be complete graphs with respective vertex setsf v1, . . . , v5g and f w1, . . . , w5g, and
let T = ff vi , wj g : m0

ij = 0g. We are thinking of K10 � T asH1 _ H2 � T (Figure 1(b)). The
edges of this graph fall into three classes: those ofH1, those ofH2, and the joining edges. We
useM0

5 to de�ne both a weight function onV (H1) [ V (H2) and the labels of the joining edges.
Namely, the weightω(vi ) is the ith row-sum of M0

5, the weight ω(wj ) is the jth column-sum
of M0

5, and the label of an edgef vi , wj g is m0
ij (Figure 1(c)). Next, we �nd an ω-AM labeling

of H1 with labels f 13, 14, . . . , 22g and an ω-AM labeling of H2 with labels f 23, 24, . . . , 32g
(Figure 1(d,e)). In general, these labelings are delivered by Lemma 4. To see that this
labeling of K10 � T is antimagic, �rst note that in de�ning ω, we arranged for theω-vertex
sums ofH1 � H2 to be the vertex sums ofK10 � T . Since the individual labelings ofH1, H2

are ω-AM, it follows that the ω-vertex sums within H1, H2 are all di�erent. Additionally,
the division of the label set ensures that theω-vertex sums withinH1 are disjoint from those
within H2, and so the vertex sums ofK10 � T are all di�erent. Finally, the three sets of
labels on the three classes of edges partition the label setf 1, 2, . . . , 32g required for an AM
labeling of K10 � T .

Tools

The following two results are fundamental tools in proving Theorem 1. The �rst provides us
with our prototypical example of a robust graph. The second allows us to handle the case
when n is odd in Theorem 1.

Lemma 4 The complete graph Kn is robust for n � 3.

Proof. Let s 2 N and ω : V ! N be arbitrary. Index the verticesvi 2 V so that ω(vi ) � ω(vj )
wheneveri < j. Order the edges lexicographically and assign the labelsf s + 1 , s + 2 , . . . , s +� n

2

�
g according to this order. Let f x1, x2, . . . , xn� 1g be the labels assigned to the edges

incident to vi (arranged in increasing order). Fork < i, the edgef vi , vkg is labelledxk . For
k � i, the edgef vi , vk+1 g is labelledxk . Let f y1, y2, . . . , yn� 1g be the labels assigned to the
edges incident tovj (also arranged in increasing order). By construction, ifi < j, then, for
1 � k � n � 1, we must havexk � yk (with equality only if j = i+1 and k = i). This implies
that the vertex sums are strictly increasing with index, so theω-vertex sums also must be
strictly increasing with index.

The next result was proved in [3]. The proof is included here since it contributes to an
explicit construction of an antimagic labeling of each graphconsidered in Theorem 1.

Lemma 5 If a graph G = ( V, E) contains n vertices and has a vertex of degree n � 1, then
G is antimagic.

Proof. Let v be a vertex of degreen � 1. Using the labelsf 1, 2, . . . , jEj � n + 1g, arbitrarily
label all edges not incident tov. For each vertex other thanv, calculate the sum of the
labels on all incident edges excluding the edge connecting that vertex to v. Index V r f vg =
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f v1, v2, . . . , vn� 1g so that these (partial) sums are weakly increasing with index. Nowfor
eachj = 1 , 2, . . . , n � 1, assign the labeljEj � (n � 1) + j to the edge joiningv to vj . Since
the partial sums from the arbitrary labeling are weakly increasing with vertex index and
the labels of the edges of the formf v, vj g are strictly increasing with j, the vertex sums
for f v1, v2, . . . , vn� 1g must be distinct. Finally, sincev has degree at least that of the other
vertices and its incident edges are assigned the largest possiblelabels, its vertex sum strictly
dominates the vertex sum of anyvj .

2 Main results

We divide the proof of Theorem 1 according to the parity of thenumber of vertices. The even
case (here denoted 2n) uses the transversal RC-magic squaresMn (or N6 if n = 6) from the
introduction (Theorem 6) while the odd case (here denoted 2n + 1) is an easy consequence
of the even case (Corollary 7).

Theorem 6 If T is a transversal system of order n � 3, then K2n � T is antimagic.

If G is an antimagic graph, then adding a vertex toG of degreejV (G)j preserves the antimagic
property; this is a special case of Lemma 5. Thus, the following result is immediate.

Corollary 7 If T is a transversal system of order n � 3, then K2n+1 � T is antimagic.

The proofs of Theorem 6 and Lemmas 4 and 5 can be used to constructan explicit antimagic
labeling of Km � T , for m � 6, when T is a transversal system of ordern = bm/2c � 3.
While a transversal system of ordern is de�ned only for n � 3, one can ask whenKm � M is
antimagic for a matchingM . The two preceding results answer this question form � 6; we
leave it for the reader to verify that Km � M is antimagic for m = 3 , 4, 5 and any matching
M of Km .

Proof of Theorem 6

Let H1 andH2 be complete graphs on the respective vertex setsf v1, v2, . . . , vng and f w1, w2, . . . , wng,
with n � 3. Let Mn be a transversal RC-magic square of ordern 6= 6, and let T be an asso-
ciated transversal system of sizek. As in Example 3, we are thinking ofK2n as H1 _ H2.

We give an antimagic labeling ofH1 _ H2 � T with labels f 1, 2, . . . , n2 � k + 2
� n

2

�
g

so that the joining edges receive the smallest contiguous labels f 1, . . . , n2 � kg, the edges
of H1 receive labelsf n2 � k + 1 , . . . , n2 � k +

� n
2

�
g, and the edges ofH2 receive labels

f n2 � k +
� n

2

�
+ 1 , . . . , n2 � k + 2

� n
2

�
g. Moreover, for i = 1 , 2, the labeling ofHi is a shift of

an ω-AM labeling of Kn with labels f 1, 2, . . . ,
� n

2

�
g. Additionally, in our labeling de�nition,

we arrange for each vertex sum ofvi to be less than each vertex sum ofwj (for all i, j).
Consider the matrix M0

n obtained from Mn as follows:

m0
ij :=

�
0 if mij � k
mij � k otherwise.

Notice that 0 � m0
ij � n2 � k. For an index i with 1 � i � n, let Ri denote theith row-sum

of M0
n and Ci the ith column-sum ofM0

n . Also, let L denote a line sum, that is the sum of
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the entries in a row or column. Ifr := dk/ne, then either r or r � 1 entries in each line of
M correspond to edges ofT , so each line ofM0

n contains r or r � 1 zero entries.
We can think of the entries ofM0

n asm0
ij = mij � k for mij > k andm0

ij = mij � k+( k� mij )
for mij � k. Thus, a line sum ofM0

n may be viewed asL = n(n2 + 1) /2 � kn + c, where
the �rst term is the magic sum, the term kn results from shifting each line entry byk,
and c is a correction term related to the line entriesmij � k. We give upper and lower
bounds forL that rely on the transversal property ofMn ; i.e., one entry of every transversal
f ℓn + 1 , ℓn + 2 , . . . , ℓn + ng, for 0 � ℓ � n � 1, lies in each line. Thus, ther smallest
entries in any line ofMn can be no smaller than the smallest entry in each of the smallestr
transversals: f 1, n + 1 , 2n + 1 , . . . , (r � 1)n + 1g. Similarly, the r � 1 largest entries in any
line of Mn must be no larger thanf n, 2n, 3n, . . . , (r � 1)ng. Thus we obtain the following
bounds on the line sumL:

L � n(n2 + 1) /2 � kn + [ kr � (1 + ( n + 1) + (2 n + 1) + � � � + (( r � 1)n + 1))]

= n(n2 + 1) /2 � kn + kr � (r(r � 1)/2)n � r, (4)

and

L � n(n2 + 1) /2 � kn + [ k(r � 1) � (n + 2n + 3n + � � � + ( r � 1)n)]

= n(n2 + 1) /2 � kn + kr � (r(r � 1)/2)n � k. (5)

De�ne a weight function ω on V (H1) by ω(vi ) = Ri , and let λ1 be anω-AM labeling of
H1. Similarly, de�ne a weight function ω on V (H2) by ω(wi ) = Ci , and let λ2 be anω-AM
labeling ofH2. (The fact that we are usingω for both ω jV (H 1 ) and ω jV (H 2 ) should cause no
confusion.) We useλ1, λ2, and M0

n to de�ne a labeling λ of H1 _ H2 � T . Let s1 = ( n2 � k)
and s2 = ( n2 � k) +

� n
2

�
. Then

λ(e) :=

8
<

:

m0
ij if e = f vi , wj g

λ1(e) + s1 if e 2 E(H1)
λ2(e) + s2 otherwise, i.e., ife 2 E(H2).

SinceKn is robust (by Lemma 4),λ(vi ) 6= λ(vj ) and λ(wi ) 6= λ(wj ) wheneveri 6= j. Thus,
we need only check thatλ(vi ) 6= λ(wj ) for all i, j. We will in fact show that λ(vi ) < λ(wj )
for all i, j. From the de�nitions of λ and ω, it follows that λ(vi ) = λ1(vi ) + ω(vi ) + s1(n � 1),
with an analogous identity forwj . Hence, it su�ces to show that

λ1(vi ) � λ2(wj ) + ω(vi ) � ω(wj ) < (n � 1)(s2 � s1) = ( n � 1)
�

n
2

�
. (6)

First, we obtain an upper bound onλ1(vi ) and a lower bound onλ2(wj ) by considering
the sums of the largest possible labels and the smallest possible labels. These considerations
lead to λ1(vi ) � S

�� n
2

�
� (n � 2),

� n
2

��
and λ2(wj ) � S(1, (n � 1)). Next, identity (1) yields

λ1(vi ) � λ2(wj ) � (n � 1)
�

n
2

�
� S(n � 2) � S(n � 1) = ( n � 1)

�
n
2

�
� (n � 1)2.

Now using the bounds on the line sums ofM0
n from (4) and (5), we obtain

ω(vi ) � ω(wj ) � k � r.
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Thus,

λ1(vi ) � λ2(wj ) + ω(vi ) � ω(wj ) � (n � 1)
�

n
2

�
+ ( k � r) � (n � 1)2.

If k � n2 � 2n, then sincer � 1, we have (k � r) < (n � 1)2, and (6) holds. If n2 � 2n + 1 �
k � n2 � n� 1, then r = n� 1 andk < nr; thus k � r < nr � r = r(n� 1) = ( n� 1)2, and again
(6) is satis�ed. If k � n2 � n, then we repeat the argument above with the `complementary'
transversal RC-magic squareDn (with entries dij = ( n2 +1) � mij ) in place ofMn and n2 � k
in the role of k.

When n = 6, we use the matrixN6 de�ned in (3) to construct an AM labeling of K2n � T .
SinceN6 is transversal, a similar technique yields an antimagic labeling of K12 � T .

Concluding remarks

We view Theorem 1 and its proof as a small step toward the Hart�eld-Ringel conjecture
mentioned in the Introduction. As our title suggests, one of our purposes is to illustrate the
connection between the seemingly contrasting properties of being magic (for a square, i.e., a
matrix) and being antimagic (for a graph). Perhaps a more important contribution lies with
our approach.

Lemma 4 establishes that complete graphs with at least three vertices satisfy a strong AM
hypothesis. We expect that most families of graphs are not robust. For example, nonempty
stars fail to be robust, even though they are easily seen to be shiftably AM.

The complete graphsKn play an essential role in our approach for two reasons. Not only
do they have the property that every (simple) graph (withn := jV j) is of the form Kn � F
for someF � E(Kn), but also they are robust (whenn � 3). Therefore, the statement of
Theorem 1, that puts a transversal systemT in place ofF , presents a natural strategy for
working toward the Harts�eld-Ringel conjecture; namely, determine other edge familiesF
for which Kn � F is antimagic.

References

[1] R.J.R. Abel, A.E. Brouwer, C.J. Colbourn and J.H. Dinitz, Mutually or-
thogonal latin squares (MOLS), Chap. II.2 in: C.J. Colbourn and J.H. Dinitz, eds., The
CRC Handbook of Combinatorial Designs, CRC Press, Boca Raton, 1996, 111{142.

[2] N. Alon, Combinatorial Nullstellensatz,Combin. Prob. Comput. 8 (1999), 7{29.

[3] N. Alon, G. Kaplan, A. Lev, Y. Roditty and R. Yuster, Dense graphs are
antimagic, J. Graph Theory 47 (2004), 297{309.

[4] W.W. Rouse Ball and H.S.M. Coxeter, Mathematical Recreations and Essays,
12th edition, University of Toronto Press, Toronto, 1974.

[5] J.A. Bondy and U.S.R. Murty, Graph Theory with Applications, North Holland,
New York, 1976.

8



[6] J.A. Gallian, A dynamic survey of graph labeling,Electronic J. Combin. 14 (2007),
#DS6, 180 pp. (electronic).

[7] N. Hartsfield and G. Ringel, Supermagic and antimagic graphs,J. Recreational
Math. 21 (1989), 107{115.

[8] N. Hartsfield and G. Ringel, Pearls in Graph Theory, Academic Press, Boston,
1990 (revised 1994).

[9] D. Hefetz, Anti-magic graphs via the combinatorial Nullstellensatz,J. Graph Theory
50 (2005), 263{272.

[10] J.H. van Lint and R.M. Wilson, A Course in Combinatorics, Cambridge University
Press, Cambridge, 1992.

[11] C.A. Pickover, The Zen of Magic Squares, Circles, and Stars, Princeton University
Press, Princeton, 2002.
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